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Abstract. We adapt Hitchin's integrable systems to the case of a punctured 
curve. In the case of CP 1 and SL n -bundles, they are equivalent to systems studied 
by Gamier. The corresponding quantum systems were identified by B. Feigin, E. 
Frenkel and N. Reshetikhin with Gaudin systems. We give a formula for the higher 
Gaudin operators, using results of R. Goodman and N. Wallach on the center of 
the enveloping algebras of affine algebras at the critical level. Finally we construct 
a dynamical r-matrix for Hitchin systems for a punctured elliptic curve, and GL n - 
i . bundles, and (for n = 2) the corresponding quantum system. 

x> : 

P-h ■ Introduction. In [13], N. Hitchin introduced a class of integrable systems, attached 
C<~) ■ to a complex curve X and a semisimple Lie group G. The problem of quantization of 
these systems was then connected by A. Beilinson and V. Drinfel'd to the Langlands 
CS| | program. This quantization makes use of differential operators on the moduli space 
of G-bundles on X, obtained from the action of the center of the local completion of 
■ the enveloping algebra of a Kac-Moody algebra, at the critical level. 

This program can also be carried out in the case of curves with marked points. In 
the particular case of the punctured CP 1 , the action of the center of the enveloping 
lO \ algebra was studied by B. Feigin, E. Frenkel and N. Reshetikhin in [6]; they obtained 
an integrable system whose first operators are identical to Gaudin's operators ([9]). 

In this paper, we consider the question of expressing the action of higher central 
elements. We first note, that the Adler-Kostant-Symes (AKS) scheme, which allows 
(3jT)! to write families of commuting operators ([2], [14], [21]), can be applied in the present 
^jpjI situation, and then show that the higher Hamiltonians obtained in [6] , coincide with 



those. So our problem turns out to be equivalent to expressing higher central elements 
in the enveloping algebras at critical level, a problem which was solved by several 
authors ([10], [12]). Here we show how the results of [10] can be used to derive a 
simple expression of higher Gaudin Hamiltonians. 

We then turn to the case of punctured elliptic curves. We show that the integra- 
bility of Hitchin's system can be deduced from an r-matrix argument. Here r-matrix 
relations contain additional terms, due to an invariance under the Cartan algebra 
action. The r-matrix depends on the moduli parameters, so it reminds dynamical 
r-matrices. In the case of one puncture, our L-operator and r-matrix seem connected 
with those considered respectively by I. Krichever and A. Gorsky and N. Nekrasov in 
[15] and [11], and H. Braden, T. Suzuki and E. Sklyanin [5], [19]. It is also analogous 
to the r-matrix appearing in the work of G. Felder and C. Wieczerkowski on the 
Knizhnik-Zamolodchikov-Bernard equation on elliptic curves ([7]). We give the form 
of the first Hamiltonians in this case; one of them contains a Weierstass potential, and 
so is analogous to the Calogero-Moser Hamiltonian. We compute the corresponding 
quantum Hamiltonians, in the case G = GL>2- 

We would like to thank V. Drinfel'd, B. Feigin, G. Felder, E. Frenkel, A. Gorsky, 
N. Nekrasov, A. Reyman, and A. Stoyanovsky for discussions connected with the 
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subject of this work. We are thankful to A. Beilinson and V. Drinfel'd for sending 
us their paper [4]. The work of V.R. was supported by the CNRS, and partially by 
grant RFFI 95-01-01101; he is grateful to the Centre de Mathematiques de l'Ecole 
Polytechnique, where this work was done, for hospitality. 

1. Hitchin and Beilinson-Drinfeld systems in the case of a general punc- 
tured curve. 

1.1. Hitchin systems. Let X be a smooth compact complex curve, Xi (i = 1, • • • , N) 
be distinct points on X. Set X = X — {xi}. Let G be a reductive complex Lie 
group, B C G and T C B Borel and Cartan subgroups of G; let g, b and t be 
their Lie algebras. Let A4g(X) be the moduli space of principal G-bundles on X 
with choices of a S-orbit in each fibre over Xi. Let us identify g with its dual, 
using a non-degenerate invariant form (, ) g . Let P G M.g{X), then TpM.G{X) is 

formed of the £ G H°(X, ^x(S^=i( x i)) ® gp), such that £ has the expansion near 
Xi, £ = — £j + regular, and £, G (b^J^; h x . is the subspace of the fibre of gp at x^, 
corresponding to the S-orbit at P Xi , Ui is a local coordinate at Xj. The Hitchin map 

r TV 

H : T*.M G (X) -Hx = # (X, fi*((di - 1) $>/))), 

is then defined by (H(P,£))i = -Pd,(£); r is the rank of G, (1 < / < r) are the 
characteristic degrees of g and P^ corresponding invariant polynomials. The generic 
fiber of the natural projection Mg{X) — > Mg(X) is (G/B) N if genus(X) > 1, the 
generic bundle having no automorphisms; on the other hand, we have for genus(X) > 
0, dimHx = dim7-%+5Xi(d/-l)iV = dim^ x + A^(dimS -r). If genus(X) = 1, an 
open subset of Mg{X) is identified with T/W (W is the Weyl group of G) if N = 0, 
and with TxW\{Tx [G/B) N ] for iV > 1 (only W acts in the first factor, and T x W 
acts diagonally on (G/B) N ); on the other hand, dimHx = Z^I=i(^« — if iV > 1, 
and r if iV = 0. If genus(X) = and iV > 3, an open subset of Mg(X) is identified 
with G \ (G/B) N , whereas dim^ x = E[=i[(^ -1){N -2) -1}. The cases N < 2 
give trivial moduli spaces and Hx- So in all cases 

dirmM G (X) = dim^ X - 

We can see as in [13] that the functions on T* Mg(X), defined by the coordinates 
of H, Poisson commute. Moreover, for G = GL n (C) we can consider the spectral 
cover of X, defined as {(x, A)|A n + J2i>i H t \ n - 1 = 0}, for (Hi) G H fixed, in the 

total space of ^^(X^iLi^))) ^ has ramification of order n at the points Xj, in the 
generic situation. It is possible to build a line bundle over the spectral cover, and to 
study the integrability of the system as in [13]. 

1.2. Beilinson-Drinfeld systems. To quantize the Hitchin systems, Beilinson and 
Drinfeld ([4]) define dimMciX) commuting differential operators on Mg{X), with 
symbols the coordinates of the map H (here we assume no marked points). They 
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are constructed as follows: a base point x on X being fixed, A4q(X) is identified 
with G(O x ) \ G(k x )/G(A) (Siegel-Weil); O x and k x are respectively the local ring 
and field at x, and A = H°(X — {x},Ox)- Then the center Z(U-h^ (g(k x ))i oc ) 
of U-h v (g(k x ))i oc (local completion of the enveloping algebra of the critical level 
extension of g(k x )) acts by differential operators on the line bundle (det) _/l over 
A^g(X). This procedure can easily be extended to the punctured case: remark that 
M.q{X) = G(O x ) \ G(k x )/F, where V C G(A) is formed of the regular maps from 
X — {x} to G, taking values in B at points Xi. Let (Xi)i<i<N be a system of dominant 
weights of G. We define a line bundle on M. G [X) as follows: (Aj) defines a 

character of V (by the maps V — > B N — > T N ) and so a line bundle £[ x ) on ^(^x) A", 
then -j ®(det) _/lV has a natural action of G((9a;); £(a 4 ) is then the quotient bundle. 
The center of U-hy (g(k x ))i oc then acts on this bundle by differential operators as 
before. 

2. Hitchin systems in the rational case. 

In this section and the following, we set X = CP 1 , and denote by the coor- 
dinate of the marked point x^ (i = 1, ...,N); we assume that no Xi coincides with 
oo. 

We will express the corresponding Hitchin systems, and recall an r-matrix result 
of Semenov about them. 

An open subset of Aic(X) is formed by parabolic structures on the trivial bun- 
dle; this subset, that we call M ( a\x) is isomorphic to G \ (G/B) N [the left action 
of G is diagonal]. 

Recall the Springer resolution T*(G/B) — > J\f, M the nilpotent cone of g ([20]). 
Then we construct, by reduction, the resolution 

N 

T*[G\ (G/B) N ] -> {(77W) e Af N \ = 0}/G 

i=i 

(the action of G on the last term is by conjugation). When the 77 W are regular, 
the parabolic structure corresponding to (?r ))i=i,...,jv is (giB)i=i,---,N, where gi are 
elements of G conjugating 77W to elements of b C g. The 1-form £ is then 

N d) 
i=i 2 z * 

The Poisson structure on T*A^^(X) corresponds, in terms of the (t/ 1 * 1 ), to the 
product of Kostant-Kirillov structures on each M . In tensor notation: {rf % ' ® ; 77^ } = 
8ij[P, 1 <S> 77^] = —8ij[P, rf % > (g) 1], P the permutation operator. We deduce from this: 

(2) {77(2;) <g>, 77H} = [— — , rj(z) 1 + 1® 77H], 

2 — to 

where 77(2) = J2iLi ^° we have: 
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Proposition 2.1. — ([18]) Let us endow Af N with the product of Kostant-Kirillov 
structures on each factor. Then the mapping j\f N — > g[[-2 -1 ]], (v )i<i<N l_ ^ v( z ) = 

££=i 1^7 > is -Poisson. 

We deduce from this that the coefficients of the forms P^ (v( z )) are i n involution, 
because all the central functions on g[[z -1 ]] are in involution. (This gives another 
proof of involutivity of Hitchin's Hamiltonians.) Let us give now the expression of 
the corresponding flows: 

Proposition 2.2.- Decompose P dl (v(z)) as £ 0l+ ... +0jv=dl _i jj^ff^ ( dz ) dl > 

and denote by dd u ( ai ) the Bow generated by H dl ^ ai y Then we have the identity of 
rational functions in z 

ai+ ... +ajv=d( _ 1 n j= i(z - z o) aj z ~ Zi 

For g = sl n (C), the r.h.s. is [di(J2f=i j~7') dl ~ 1 ^ V^]- For g arbitrary, the flows 
corresponding to d\ = 2 are 

(4) diV v = for j + h and d ^ = j2 

Zj Zj . Z\ Zj 

3+1 



We note that in the case g = sl n (C), the flows dj already appeared in [8] (we 
thank J. Harnad for pointing out this reference to us). Their integration was studied 
by many authors (cf. e.g. [1], [3]). 



3. Gaudin systems. 



1. The moduli stack in the rational case. 

Let again g be an arbitrary reductive complex Lie algebra, G be the adjoint 
group. Let A be the set of the roots of g w.r.t. t, g = t © q6 a S« the associated 
decomposition of g, R be the root lattice of g, W the Weyl group of g. Classes 
of principal G-bundles on X = CP 1 are parametrized by Hom(.R, Z) /W; to w G 
Hom(i?, Z) we associate the Lie algebra bundle on CP 1 

(5) g(ro) =te 0g a Ma)oo), 

q6A 

and the associated G-bundle G(vj) = Adg(ro). Its automorphism group is a subgroup 
oiG(C[z}), 

(6) P ro = L m U m , ^ = J] N a (H°(w(a)oo)), 

ceEA 
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L m the subgroup of g with Lie algebra l ro = t © ro ( Q ) =o 6a- The moduli space of 
G-bundles on CP 1 — {^} is 

(7) M G (X)= J] A*g(X), 

[tu]6Hom(i?,Z)/W 

where Mq(X) is identified with P ro \ (G/B) N , where the action of G(C[z]) is the 
composition of the morphism G(C[z]) — > G^, (7(2) 1— > (g(zi))i, and the left transla- 
tion. Let (Xi)i be integral dominant weights of G, be the associated line bundles 
on G/B; ^fL 1 C\ i is a G^-equivariant bundle on (G/B) N , so it is P ro -equivariant; 
let £(Ai) be the quotient bundle on JvVq{X). 

2. The FFR scheme. 

The procedure of sect. 1.2 was applied in [6] to the case of the punctured CP 1 . 
Let us set some notations. Let for each i, ki and Oi be the local field and ring at zf, let 
g the central extension of ©ig(fcj) by the cocycle c((aj), (bi)) = Xlfli res xi (a-i, dbi) s K : 
with values in the abelian algebra CK. Let g_|_ be the preimage of g(©^C^) in g; g + 
is then isomorphic to g(©iC?i) © CK. Let for A integral dominant weight of g, V\ be 
the corresponding irreducible representation of g; and let for fceC, and Ai, \n 
integral dominant weights of g, be the representation of g + in V\ 1 © ... © V\ N , 

where elements of g(©iC?i) act as their images in g®^, and K by k. Let g( z .) be the 
Lie algebra of regular maps from X to g; choose and denote the same way a lifting 
of this algebra to g. 

_ 1 V 

Let g be the universal central extension of g((u)), and V be the critical 
level vacuum module over it. Central fields T{Q E Z(U-h^ (g)^oc)[[C ±:L ]] are i n cor - 
respondance with imaginary weight singular vectors ^2l(—l)J(—k)...vo E Vq , 
I, J, ... E g. Following [6], the action of T(() on H°(M G (X), C(\ % )) 

can be described 

as follows. We have an identification 

(8) H (M G (X),C (Xi) ) = = {fj, E (V^ } V )> is g (zi) -invariant}, 

where for any k, V^.-j is the induced representation Ind| + Vj^.y According to [6], 3, 
lemma 1, 

(9) R- x h ^{v Xl ®---®v XN y. 

The field T corresponds to an imaginary weight singular vector I(—l)J(—k)...vo E 
V^" , I, J,... E g. Due to the "swapping" identity (3.1) of [6], the action of this 
singular vector on (V\ 1 © • • • © V\ N )* is 

do) ^^s-'/M^e-VCu)..., 

where I(u) = Y]^_ 1 Jl-L. 
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For example, the operators corresponding to the degree two Casimir element 
are the Gaudin Hamiltonians H 2j i, such that the combination H 2 (C) = fizf: 
satisfies 

(11) H 2 (() = J2e i (z)e i (z), 

i 

with (ei) an orthomormal basis of g. 

3. The AKS scheme. 

On the other hand, the expression (1) gives a realization of the Lie algebra 
-u _1 g[[w -1 ]]. More precisely, we have a Lie algebra morphism 7r : -u -1 g[[/u -1 ]] — > g®^, 
defined by ir(Iu~ k ) = YliLi 1^ z\~ x . Let us show how the AKS scheme enables us 
to construct a commuting family in t/(w _1 g[[w -1 ]]). Let us decompose the central 
extension CK — > g — > g((u)) as g = a © b, a = cr(tt~ 1 g[[ti~ 1 ]]) and b = a _1 (g[/u]), 
a being the projection and a being a section of w _1 g[[ti -1 ]] to g. Then, Ug = £/a© 
(Ug)h. We have then an algebra morphism Z(Ug) — > Ua, given by the projection 
to the first factor, whose image is a commuting family in Ua. Let us specialize this 
construction to the critial level. We have then a sequence of morphisms 

Z(CUvg) - Uiu-^Hu- 1 ]]) - (Ug)* N , 

the last one being given by n. This gives a family of commuting differential operators 
on (G/B) N . 

Remark. According to [17], Gaudin systems can be obtained from quantum tops 
systems by a reduction procedure, which explains that the AKS scheme can be applied 
to them. 

4- Coincidence of the AKS and FFR systems. 

To see that these operators are the same as those obtained by the previous 
construction, let us work out the AKS scheme more explicitly. The central field T(u) 
associated to ^ /(— I) J(— k)..., is the normally ordered product 

(12) E d, 1 !)^ 'di -^W^-'JM-O)) 

(where the parenthesis stand for the normal ordering operation); here 

(13) I{u) = H-n - IK = !+(«) + !-(«), 

I+(u) = J2 n>0 I(—n — l)u n . The transform of this expression by the AKS procedure 
will be, due to the conventions (AB)(u) = (A + B + BA_){u), 

(14) E (/-l)!( fe -l)! -^" lj +^^" lj +^-0))- 
But the image by n of I+(u) is I(u) = J2iLi ^i - ' ^ ms shows 
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Proposition 3.1. — The expressions (10) and (14) for AKS and FFR Hamiltonians, 
coincide. 



5. Application: expression of the higher Gaudin operators in the sl n case. 

The following can then be deduced from [10], using the Newton identities. 

Proposition 3.2. — Let (s p ) p > be the sequence of polynomials in n, defined by 
si = 0, S2 = n/2, S3 = — 2n/3, and for p > 2, 

(15) (n -p)s p - 2(p + l)s p +i - (p + 2)s p+2 = 0; 
let Ai, • • • , A n be the solutions of the equation 

(16) A n - si(n)A n_1 + s 2 (n)X n - 2 - s 3 (n)X n - 3 • • • = 0, 

and let H = diag(Ai, • • • , A n ). Let us set, k H = Ad(k)H, for k G K = SU(n, C); 
and let dk be a Haar measure on K. Then the higher Gaudin Hamiltonians are the 
operators H^ a ., (^2f =1 ai = 1 — 1), defined for each I = 2, iV by 



4. An r-matrix for the case of punctured elliptic curves. 

Let us turn now to the case where X is an elliptic curve C x /q z (q < 1). We 
denote by z\ (i = 1, • • • , N) the coordinates of the marked points. We fix from now 
on, G = GL n (C). Consider the open subset M { q\x) of Mg(X), formed of the 
space of bundles on X, direct sums of line bundles of degree 0. These bundles are 

parametrized by the symmetric product X ; to (ti, • • ■ , t n ) e (C x ) n , we associate 
the bundle £(t a ) = C x x C n /{(z^) ~ (qz, diag(t a )^)} over X; changing (t a ) into 
(q aa t a ) (with the a a integers) gives an isomorphic bundle, the isomorphism being 
(z,0 i-> (z,diag(2 a «)0- 

Now, the preimage in A4q(X) of this open subset can be identified with 

T x, S n \ (C x )- x (G/B) N /[(t a , gi B) ~ (q a H a ,dmg(z^)g t B)i 

T xi S n acting diagonally on (G/B) N , and by permutations on (C x ) n . We denote it 

by M { q\x). The cotangent to M%\x) is now the quotient by S n of the reduction 
by T of T*((C x ) n x (G/B) N ). The Springer resolution gives now a mapping from 

t*a4 0) PO to 

N 

TxS n \ {(p a ,t a , th) eC n x (C X T x AT N \(£vi)t = 0}/ 

i=i 

/{(p a ,t a ,rii) ~ (p Q ,Q aa t Q ,Ad(diag(^))?7,)}, 
7 



bijective over the open subset, defined by the condition that each r\i be regular. This 
map is compatible with the Poisson bracket given by the product of {p a , t@} = 5 a ptp, 
and Kostant-Kirillov on each copy of M. 

The corresponding 1-form £ G H°(X, gl(E(t a )){— J^iLiO^))) can ^e seen as a 
1-form £ on C x with values in gl n (C), with simple poles at Ziq z , and such that 
i(qz) = Ad(t a )i{z); it is given by £(z) = with 
(18) 



mi- 



Here = rii>o(l — ( ?* 2; ) rii>i(l ~~ ^ 1 ); $ h as the properties 0(<z.z) = — z 1 9(z), 
9(z~ 1 ) = -z~ 1 9(qz); we denote 9{z) = z^(z). 

We will show that the commutativity of the coordinates of the tr^(z) k in a basis 
of the space of fc-forms on X — {zi} can be deduced, as in prop. 2.1, from an r-matrix 
argument: 

Proposition 4.1. — Let r(z, w, t a ) and p(z, w, t a ) be the matrices acting on C n <g> 
C n , with elements 

(19 > «>> m - = ( - *(SmI-V s + me (zw - 1)S %) (1 - **> 

and 



0, 9 



(20) ^.^OS = ^ .g^ iil^ife-W) 



iet be given by formula (18); let us endow the system of variables (pait a ,Vi) 
with the Poisson brackets, product of {pontp} = baptp and Kostant-Kirillov on each 
copy of Af; then we have 

{£ (z, t a ) <g> 5 £(w, t a )} = [r(z, w, t a )4(z, t a ) <g> 1 + 1 <g> £(w, t a )] 

(21) A A 

+ p(z,w,t a )[(> ^r]i) t <g> 1 - 1 <g> (> ^r]i)t]- 

i=i i=i 

Proof. In the case of the brackets {£ a /3, ^/3 7 } 5 /#> 7 all different, it is a consequence 
of the formula 

9^^) 9{tt'w) 9(t'- 1 zw- 1 ) 9{tt'z) 9{tz) 9{t'w) 



9(t)9(zw- 1 ) 9(tt')9(w) 9(t'- 1 )9(zw- 1 ) 9(tt')9(z) 9(t)9(z) 9(t')9(w) ' 

to show it, let F(z,w,t,t') be the difference of both sides. We have F(qz,w,t,t') = 
t~ 1 F(z,w,t,t'); moreover F has no poles for z — > or z — > w; since t ^ g z , this 
shows F = 0. 
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In the case of the brackets {£ QQ ,£a/3}, ot ^ /3, it follows from 

1 d r 9(tw) . 19,, 0(tw) OUzw- 1 ) 9(tz) 



6'(1) dt l e(t)9(wy 9'(l)9 y J 9(t)9(w) 9(t)9(zw- 1 ) 9(t)9(z) 

16, lN 9(tw) 



9'(l)9 y '9{t)9{wy 

this equality is proven as follows; let F(z, w) be the difference of the two sides, then 
F(qz, w) = F(z, w) and F(z, w) has no poles for z — > w or z — > 0, which shows 
that F(z,w) does not depend on z; pose F(z,w) = (p( w )i then <p(qw) = t<p(w) (this 
follows from ^((/z) = — 1 + §(z)> obtained by derivation of the functional equation in 
0); and ip(z) has no poles either, so F(z,w) = 0. 

In the case of the brackets £/3 a }, « 7^ A it follows from the fact, that if we 

pose 

9{t~ 1 z) 9{tw) , fl^" 1 ^- 1 ) 1 9 9 
{Z ' W} ~ 9{t-^9{z) 9{t)9{w) + 9(t- 1 )9(zw- 1 )9'(l) [ 9 [z) ~ 9 {w)1, 

we have F(z,w) = F(z(,w() for any £ G C x . Indeed, F(qz,w) = tF(z,w) — 

WTT) t B(t- 1 )e{ V zw~^) ^ so with <P( Z > W ) = F(z,w) - F(z(,w(), we have <f(qz,w) = 
t(p(z,w); as F(z,w) has no poles in z (or in w), tp has no poles either, and so it 
vanishes. So F is only a function of zw -1 , that we can evaluate when w — > 1; this 
evaluation gives the matrix elements of p. 

The brackets {£ aa , £,3/3} are all zero, and the [r, £ <E> 1 + 1 <8> also; finally, the 
brackets {£ a /3, £ 7 5} (a, /3, 7, 5 all different) are all zero, as well as the matrix elements 

[r,e®i + i®e]g*. 

Now, after the reduction by T, the tr£(z) s will be in involution. 

Let us give now the explicit form of the Hamiltonians generated by tr£(z) 2 . We 

have 

a=l i=l l<«</3<n V i=l Wi )J 

2^ 11 '•■ 



1=1 



^(tpt^Mzz- 1 ); 1 



since 



N 



Z(qz) = Ad(t a )az) - C£v (i) h 

we have 

(trf ){qz) = (traW+trE^)?^^^^)^^^^)}, 



i=l 



JV N a n 

C7 



1 19 

1=1 1=1 a=l 



so that 



N ft N /ft \ 2 n 

trZ(z)* = Ho + Y^^-izz- 1 ) + {£>««(£ 

i=l i=l ^ ' a=l i 



using 



(-^zz- 1 ) - lizz- 1 )) 2 = piHzz- 1 )) + piHzzJ 1 )) 



egtzzr 1 ) ojt-'zz-') ft _ ft ojr 1 ^ 1 ) 



d{t)d{zz-')ft{t-^ft{zz- 1 ) l e y ~~ l ' "dit-^dizizj 1 ) 

ft i ft 1 0(t~ 1 z t z~ 1 ) 

-Ijl'-l-il'V)! ,,, 1 .^) 

= piMzz' 1 )) - p(ln(tzi)) else 
[we set z = e T , so near r = 0, |(z) ~ ^, p(r) ~ we find 

n n an 

(22) Q=1 Q=1 ^ 



(a less symmetric form could be obtained using f (z) + f (2 X ) = 1, and the irrelevance 



of combinations of the ^ad)) an d 



N 



°u +-U °n ,-1 -1m ^P^ZiZ- 1 ) 



Remark. It is interesting to compare these results with those of [15], [5], [19], [11]. 
The system considered in these papers is connected with the case N = 1. Also there 
should be some connection between the r-matrix (19) and the ones from [5] and [19]. 
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5. Gaudin-Calogero system in the sl 2 case. 

Let us see now how to construct a quantization of the system of the last section 
when G = GL 2 . We will construct differential operators on 



M%> (X) =TxS n \ (C x r x (G/B) N /[(t a , 9i B) ~ (q a °t a , diag^^S)], 



whose symbols will be the Hitchin's Hamiltonians, tr£(z) s , for n = 2. 

For this, we consider an integer k and a system of dominant weights (\)i=i,...,N, 
and the algebra A = Diff((C x ) n , Cf n ) <g> ®^ 1 Diff(G/5, [here £ fc = 7r*0(fc(l)), 
7T the projection C x -> X, Diff (X, £) = Ji°(X, C®V X <8> for X an analytic 

variety and £ a line bundle on X]. Let (t a )i<a<n be the coordinates on (C x ) n , and 
Pa = t a -(% — I- kjj(t a ); let again, e£L denote the action of e a p G gl n (C) on the i-th 



Let us perform now the reduction of A w.r.t. T. It can be done as follows: let 
A[0] be the weight zero subalgebra of A, A[0] = {16 „4|[/i aQ , x] = 0, 1 < a < n} and 
A red = A[0]/(h aa ) i<a<n (where (h act )i< a < n is the left, or right ideal generated by 
the h aa in «4[0]). Then A red is the algebra of globally defined differential operators 
on (C x ) n x [T \ (G/B) N ], twisted by the quotient of Cf n M ^f =1 C Xi - 

From tr L(qz) 2 = tr L(z) 2 + tr(L(z)h + hL(z)) + tr(/i 2 ), we see that tr L(z) s , 
s = 1,2 define elements of [A/ Yl a =i*A-h aa ] <8> H°(X, 0(s YliLi( z i)))i which also 
belong to A red <g> H°(X, 0{s Eii(^)))- Th en 

Proposition 5.1. — The expansions of tr L(z) s , s = 1,2, along bases of H (X, 0(s 
Si=i (^i)))? form a commutative family in A red . These operators are S2 -invariant and 
invariant under the action of Z 2 defined by (a a ) • {t m giB) = {q aa t a ,d\a,g{z^ OL )giB), 

and hence define operators on M.q L2 (X), twisted by the line bundle associated with 
(k,Xi). Their symbols coincide with Hitchin's Hamiltonians. 

Proof. If w e S2, then w*L(z) = L(z); let e a be the a-th basis vector of Z 2 , 
then e* a L(z) = Ad(diag(l, • • • , z, ■ ■ ■ , l))L{z) (z in a-th position). The last statement 

follows from the fact that the symbol of f> a is p a , and the symbol of is 77^. 
The first statement follows from a direct computation, using the explicit form of the 
Hamiltonians: 




(24) 




N 



H i =ph^ + 2j2h (i) h^[-(z i z- 1 ) - -Az.z- 1 )] 



(25) 
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and 



f) N 

(26) J<1 . 1=1 

- 2 Ve (!) f^\-(t 2 ) - -(fz-z' 1 )] 9 ^—ih \ 



Equations (25) and (26) define differential operators acting on C x x [T\(CP 1 ) iV ]; 
(t,U) being the product coordinates on C x x (CP 1 )^, we have p = 2t-j^ + 2/c|(t 2 ), 
fc« = 2( ti jL + Ai), e« = t? J- + 2AA, /« = - 

For N = 1, this system is reduced to 

^o=P 2 -2eW/Wp(lnt 2 ), H 1 = e WfW. 



Remarks. 1. A natural module for A red is Fun(C x ) <g> (V Xl <S> ■ ■ • <8> V^ w )[0]. More 
precisely, we can pose the eigenvalue problem = /x^, -f/oV' = ^0'^? V' a function 
of C x , with values in iS>iL 1 V\ i , whose component in (®fLiV\i)[K]i V^W) satisfies 
V% (Qt) = %\ 1 • • ' z n n ^^Xi (*)> f° r eacn system of weights (Aj), £ being a fixed integer. 
The space of such functions, with only poles at (/ z , is stable under the actions of Ho 
and the H^. 

2. Prop. 5.1 suggests that the operators constructed here coincide with the 
result of the action of the center of the enveloping algebra at the critical level, when 
k = 2. Indeed in this case, after [22], the quotient of £f 2 by $2 coincides with 
(detect)) ( X -))~ 2 , on which this center should act. 

After obtaining the main results of this paper, we learnt about the paper of N. 
Nekrasov [16], where Hitchin systems for degenerate curves are described as many- 
body problems. 



References 

[1] M.R. Adams, J. Harnad, E. Previato, Isospectral Hamiltonian flows in finite and 
infinite dimensions II. Integration of Bows, Commun. Math. Phys. 134 (1990), 
555-85. 

[2] M. Adler, On a trace functional for formal pseudo-differential operators and the 
symplectic structure for the KdV type equations, Invent. Math. 50 (1979), 
219-48. 

[3] A. Beauville, Jacobiennes des courbes spectrales et systemes completement inte- 
grates, Acta Math., 169 (1990), 211-35. 



12 



A. A. Beilinson, V.G. Drinfeld, Quantization of Hitchin's Gbration and Langlands 
program, preprint. 

H.W. Braden, T. Suzuki, R-matrices for Elliptic Calogero-Moser Models, Lett. 
Math. Phys. 30, 147-59 (1994). 

B. L. Feigin, E.V. Frenkel, N. Reshetikhin, Gaudin model, Bethe ansatz and 
correlation functions at the critical level, Commun. Math. Phys. 166 (1), 27-62 
(1995). 

G. Felder, C. Wieczerkowski, Conformal field theory on elliptic curves and 
Knizhnik-Zamolodchikov-Bernard equations, |hep-th/9411004| . 



R. Gamier, Rend. Circ. Mat. Palermo 43, 155-91 (1919). 
M. Gaudin, Jour. Physique 37 (1976), 1087-1098. 

R. Goodman, N.R. Wallach, Higher-order Sugawara operators for afRne Lie al- 
gebras, Trans. AMS, 315:1 (1989), 1-55. 

A. S. Gorsky, N.A. Nekrasov, Elliptic Calogero-Moser system from two-dimensio- 
nal current algebra, |iep-t h/9401021| . 

N. Hayashi, Sugawara operators and Kac-Kazhdan conjecture, Invent. Math. 
54 (1988), 13-52. 

N. Hitchin, Stable bundles and integrable systems, Duke Math. Jour., 54 (1), 
91-114 (1987). 

B. Kostant, The solution to a generalized Toda lattice and representation theory, 
Adv. Math. 34 (1980), 13-53. 

I.M. Krichever, Elliptic solutions of the Kadomtsev-Petviashvili equation and 
integrable systems of particles, Funct. An. Appl., 14 (1), 282-90 (1990). 

N. Nekrasov, Holomorphic bundles and many-body systems, PUPT-1534, ITEP- 
N95/1, jhep-th/9503l57| . 

A.G. Reyman, Quantum tops, Int. J. Mod. Phys. B, 7:20-21 (1993), 3707-13. 

M.A. Semenov-Tian-Shansky, D. Sci. thesis, LOMI, Leningrad (1985). 

E.K. Sklyanin, Dynamical r-matrices for the elliptic Calogero-Moser system, 
LPTHE 93-42, |hep-th/9308060| . 

T.A. Springer, Trigonometric sums, Green functions of finite groups and repre- 
sentations of Weyl groups, Inv. Math. 36, 173-207 (1976). 

W. Symes, Systems of Toda type, inverse spectral problems and representation 
theory, Invent. Math. 59 (1990), 195-338. 

L.W. Tu, Semistable bundles over an Elliptic Curve, Adv. Math. 98, 1-26 
(1993). 



13 



B.E., V.R.: Centre de Mathematiques, URA 169 du CNRS, Ecole Polytechnique, 
91128 Palaiseau, France 

V.R.: ITEP, Bol. Cheremushkinskaya, 25, 117259, Moscow, Russia. 



14 



